Abstract. There are limits of validity of classical constitutive laws such as Fourier and Navier-Stokes equations, phenomena beyond that limits have been experimentally found many decades ago. However, it is still not clear what theory would be appropriate to model different non-classical phenomena under different conditions considering either the low-temperature or heterogeneous material structure. In this paper, a modeling problem of rarefied gases is addressed. It covers the mass density dependence of material parameters, the scaling properties of different theories and aspects how to model an experiment. In the following, two frameworks and their properties are discussed. One of them is the kinetic theory based Rational Extended Thermodynamics, the other one is the non-equilibrium thermodynamics with internal variables and current multipliers. In order to compare these theories, an experiment performed by Rhodes is analyzed in detail. It is shown that the density dependence of material parameters has serious impact on modeling capabilities and can lead to very different results.
Introduction
The classical material laws such as Fourier and Navier-Stokes are acceptable for tasks that consists homogeneous materials, dense gases and far from low-temperatures (20 K) . In the engineering practice, these constitutive equations are well-known and widely used. Nevertheless, there are situations where some extensions of them must be applied. Such case could occur on small (micro or nano) length scales, short time scales, near low-temperature or far from equilibrium.
Considering only heat conduction, examples are presented in [1, 2, 3, 4, 5, 6, 7, 8, 9] , where the wave form of heat propagation is experimentally found. These are called second sound and ballistic propagation [10, 11, 9, 12] . It's modeling background is more diverse, one can find many extended heat conduction equations with many different interpretations in the literature [13, 14, 15, 16, 17] . One of them is related to the kinetic theory, it is based on Rational Extended Thermodynamics (RET) [9, 18] and uses phonon hydrodynamics to describe these deviations from Fourier's law with doubtful success [19, 20] . The other one uses non-equilibrium thermodynamics with internal variables and current multipliers (NET-IV) [12] . Both are tested on the same experiment and the latter one seems to be more effective [20] .
The main difference between these two approaches is routed to the physical background what lies behind the system of constitutive equations. Using the kinetic theory, one always has to suppose a mechanism that occurs between the particles and describes the interaction among them. On the other side, non-equilibrium thermodynamics is phenomenological, the derivation of constitutive equations does not require any assumption which makes the model more general. In the kinetic theory, due to the prescribed interaction model, most of the coefficients can be calculated and only a few of them have to be fitted to the experimental data. Although, its mathematical structure is advantageous, it is symmetric hyperbolic [18, 21] , the fixed parameters lead to its weakness: e.g. in a heat conduction problem, one has to use at least 30 momentum equations with increasing tensorial order to obtain the ballistic propagation speed approximately. The approach of NET-IV can resolve this problem preserving the structure of momentum equations, however, it requires more parameter to fit [12, 22, 19, 20] .
In case of investigating room temperature non-Fourier phenomenon, the phonon picture is not applicable [22] . It is the next advantage of NET-IV, it is tested on room temperature experiments that show over-diffusive type non-Fourier heat propagation [23, 24] . It makes the kinetic approach more difficult to apply for practical problems, however, there are situations where its predictive power is useful. Such situation is related to the topic of rarefied gases [25] , i.e., a gas under low pressure. From some sense, the behavior of a rarefied gas is analogous with a rarefied phonon gas that applied in case of heat conduction. The difference among them is the type of the particle and the interpretation of some physical quantities. In order to understand the analogy, the ballistic conduction has to defined.
Using phonon hydrodynamics, the ballistic heat conduction is interpreted as non-interacting particles that scatters on the boundary only, i.e., going through the material without any collision [9] . This assumption leads to the system of equations in one spatial dimension:
where e being the energy density, p is momentum density, c stands for the Debye speed, τ R and τ N are the relaxation times referring to the resistive and normal processes [9] , furthermore, ∂ t denotes the partial time derivative, applied for a rigid heat conductor. Here, N is defined as the current density of heat flux, that is, the pressure. The key aspect to model ballistic effects is realizing a coupling between the heat flux and the pressure. In NET-IV, this goal is obtained using current multipliers [26] , and the same structure can be reproduced [12, 22] :
where Q plays the role of N , q is the heat flux, c denotes the specific heat and the coefficient κ is not fixed as in (1) and allows to adjust the exact propagation speed using only 3 equations instead of 30. The situation is the same for rarefied gases.
Here, a gas under low pressure consists few enough particles to observe the ballistic propagation. In NET-IV, the starting point is the generalization of entropy density and its current:
then exploiting the entropy production inequality of second law [12] , one obtains a continuum model compatible with kinetic theory to model rarefied gases [22] . Here Π ij is an internal variable [27, 28, 29] , it is identified as the viscous pressure, Π ij = P ij − pδ ij with p being the hydrostatic pressure. This is the usual assumption in theories of Extended Thermodynamics, as a consequence of the compatibility with kinetic theory [18, 30] , it also contains Meixner's theory [31] , the first extension of Navier-Stokes equation. Moreover, b ij is called Nyíri-multiplier (or current multiplier) [26] which allows to obtain coupling between the heat flux and the pressure.
Since the proper description requires the separation of deviatoric and spherical parts, in eq. (3) denotes the traceless part of the pressure. Einstein's summation convention is applied, too. Equation (3) presents the same generalization as used for modeling ballistic heat conduction, thus, hereinafter it is called as ballistic generalization of entropy and its current density [22] . The linearized-generalized Navier-Stokes-Fourier system reads in one dimension [22] :
where the lower indices d and s denote the deviatoric and spherical parts, respectively. The η is the bulk viscosity, ν denotes the shear viscosity, α ab , β ab (a, b = 1, 2) are the coupling parameters between the heat flux and the pressure and τ m (m = q, d, s) are the relaxation times, here the coupling parameters and the relaxation times are to be fit. This structure is equivalent with the 1D linearized version model from RET [32, 33, 34] :
with R being the gas constant and c * v denotes the dimensionless specific heat: c * v = c v /R. As it is visible, only the relaxation times are free parameters, all the other coefficients are fixed. It is interesting to note that the system (5) can be derived only by considering a doubled hierarchy of balance equations [21, 35] . The reason behind that fact is related to the more degrees of freedom within polyatomic gases. In order to obtain a complete (closed) system of equations, beside the constitutive equations above, one has to use the balance laws, too:
i.e., the mass, momentum and energy balances, respectively.
Experiments
As in case of heat conduction [20] , the experimental results are considered as a benchmark problem in order to test the validity of the corresponding generalized model. Here, the measurement performed by Rhodes [36] is discussed in detail. Naturally, many other data can be found in the literature [37, 38, 39, 40] , but this one is going to be sufficient to present all the necessary conclusions and difficulties arising in that field.
A sonic interferometer [41] is used to measure the sound speed for various frequency-pressure ratios [36] , see Fig. 1 . The interferometer is placed in a dewar to maintain a constant temperature within.
It has to be emphasized that the frequency was constant as well in the experiments [36] , i.e., the pressure is varied over the whole interval. More appropriately, it was the density that changed during the experiment when constant temperature have maintained. In Fig. 1 , the results related to normal Hydrogen is presented. The measurement is also performed using pure para Hydrogen and the 50 − 50 mixture of para-ortho Hydrogen [36] . Now let us choose the curve from Fig. 1 corresponding the 296.8 K. Before doing anything with the extended models two essential steps must be done. The first one is to investigate the density dependence of material parameters. Then, one can calculate the dispersion relation for the relating model (4-6 or 5-6) to model the experiment and analyze the frequency-pressure dependency, too.
2.1. Density dependence of material parameters. Considering the RET approach [34] , one can notice the following:
• the viscosities are constant: ν = p 0 τ d for shear viscosity and η ∼ p 0 τ s for the bulk part, • the thermal conductivity is also constant: λ ∼ p 0 τ q , • as a consequence of the above, the relaxation times are inversely proportional with mass density: τ ∼ 1 ρ . All the other parameters are fixed and do not depend on the mass density in any way. It is important to emphasize that the most essential material parameters are constant for very different pressures, like 10 3 or 10 5 Pa. These are the consequences of the artificial structure of the presented theory, however, in general it is not true for the kinetic theory [42, 43, 44, 45] . In contrary of the above, either the viscosities or the thermal conductivity are considered as density dependent in different way in accordance with [45] :
• the viscosities depend linearly on ρ: ν = ρµ (and η ∼ ρ) where µ is the kinematic viscosity.
• the thermal conductivity depends inversely on ρ: λ ∼ 1 ρ , in order to model the ballistic effects appearing at low-pressure, • the relaxation times are inversely proportional with the mass density: τ ∼ 1 ρ . These differences result a completely distinct approach behind and -more importantly -makes the model more applicable, e.g., more compatible with the experimentally measured density dependence of viscosities [45] .
2.2. Frequency -pressure dependence. It is stated frequently in the early papers [37, 38, 39] that the behavior of a gas depends on the ratio of frequency and pressure alone. Altough it is seemingly true based on the experimental data [36] , it does not necessarily remain valid for extended models. One can calculate the dispersion relation for Navier-Stokes-Fourier equations using assumptions from kinetic theory: constant material parameters and ideal gas for the equation of state, p = ρRT . Then, there no one will find terms containing the frequency ω and the pressure p separately, as follows.
Assuming the common e i(ωt−kx) plane wave solution of the system (7) with the usual wave number k and frequency ω,
and omitting the detailed derivation, one obtains the following expression for phase
Expanding all the terms within eq. (8), the v ph = v ph (ω/p) dependence becomes visible and all the experimental data can be evaluated without calculating the pressure (either the mass density) separately from the frequency. However, it does not hold for the extended constitutive equations (4). There, following the same steps to calculate dispersion relations, terms like (−i + τ q ω)(−i + τ s ω)(−i + τ d ω) appear without pressure. This structure itself is not extraordinary or problematic but it is when one does not know the exact value of frequency or pressure. This is one of the crucial part in the evaluation of rarefied gas experiments presented in [39] .
2.3. Evaluations, comparisons and conclusions. First, let us consider the results of Arima et al. [34, 21] , see Fig. 2 for details. There are some important remarks of their evaluation method:
(1) Dimensionless frequency is used instead of ω/p. Moreover, the papers [34, 21] do not reflect the fact that the frequency was constant. (2) Regarding the temperature, 295.15 K is used instead of 296.8 K. It is seemingly a small difference, however, when one attempts to calculate the mass density from the data ω/p, it leads to different value, i.e., inaccurate the data in [21] . Even the speed of sound is inaccurate that used for vertical scale. (3) In [34, 21] , only certain ratios of relaxation times are fitted. However, no data is provided how to calculate their exact value and seemingly, the pressure is treated arbitrarily. (4) One single parameter set is used to fit the data from papers [36, 46, 39] .
Notwithstanding, Fig. 2 demonstrates that kinetic theory is able to model the behavior of a rarefied gas, nevertheless, the related data can not be treated seriously. Figure 2 . Calculations of Arima et al. [21] . The solid red line shows the prediction, the squares and triangles are referring to different experimental data, here, the triangles represents the data from Rhodes [36] . Now, let us consider the data in Fig. 3 [21] . Fig. 2 is a part of it, which is intentionally emphasized first. The figure at the middle represents the data from Sluijter et al. [39] . In that paper, the sound absorption α -more accurately, the α/ω vs. ω/p -data is published, without giving explicitly the frequency ω. In classical case, it is not a problem because α/ω = α(ω/p), too, and ω/p is given. However, in that sense, it is not clear how the horizontal axis could be interpreted here. For the above, the density is changed when the frequency was constant, for the others probably both of them are changed. Again, it would not be a problem if all the data are given, i.e., the frequency and the pressure separately -or at least the frequency (as in [36] ) but it is not the case in [39] . It also influences the vertical scale of Fig. 3 , especially considering the middle and the bottom diagrams. [21] using the same data for different experiments. Here, the data represented by circles are related to Sluijter et al. [39] .
Due to aforementioned shortcomings of experimental and evaluative papers, let us restrict ourselves again on the data from [36] that presented above and now let us apply the continuum theory (4), see Fig. 4 for the results. Here, the original data of frequency / pressure is changed to mass density. It can be done due to the given value of frequency (1 MHz). One may pay attention to the doubled data points in the domain of higher density, it is due to the different temperature value mentioned previously. It is clear that the visible deviation between the extended constitutive equations may be caused by the inaccurate modeling. The parameters are fitted by hand and their values are summarized in Tables 1 and 2 . The classical parameters in Table 3 are calculated according to the dense properties of Hydrogen and also using the data from [34] . Figure 4 . Comparison between different theories. The dashed line is related to the classical Navier-Stokes-Fourier system, the orange line presents the solution of kinetic theory with given parameters in [21] and the solid blue line demonstrates the solution of continuum theory. The horizontal axis is changed to mass density ([kg/m
Summary
The models originated from RET and NET-IV are introduced and tested on a particular experiment performed by Rhodes. It is visible from the experimental data that the rarefaction in a Hydrogen gas shows strong deviation from its dense state. Here, the speed of sound data can be evaluated without any obstacles, but that evaluation highlights some important aspects. First, one has to clarify how the material parameters depends on the mass density. It is one of the most crucial, cornerstone part of measurements. Second, all the data should be given in the experiment, the frequency-pressure ratio alone is not enough. It does matter what is changed : the frequency, the pressure or both of these. In that sense, it is confusing to use dimensionless frequency, especially when all the necessary data is given to use the appropriate scale.
Moreover, it is also shown that beside the frequency / pressure scaling of experimental data, it is not necessarily obtained in the dispersion relations, only by too restrictive assumptions of constant coefficients. However, it is clear that if every experimental data is given appropriately, then the ω/p dependence does not stand as a necessary (or satisfactory) theoretical requirement.
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